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Large Deflection Analysis of Elastic-Plastic
Shells Using Numerical Integration

J. C. GERDEEN*
Michigan Technological University, Houghton, Mich.

F. A. SlMONENf AND D. T. HUNTER^
Battelle Memorial Institute, Columbus, Ohio

Nonlinear problems are treated which involve geometrical nonlinearities occurring because
of geometry changes and material nonlinearities resulting from plastic strains. Accurate
numerical analysis is achieved by use of a computer program based on nonlinear shell theory
and a multisegment method of numerical integration. Shell stiffnesses are evaluated nu-
merically for the von Mises yield criterion and in closed form for the Tresca criterion. Col-
lapse behavior of pressure vessel heads as predicted by linear and nonlinear analyses are com-
pared. The pressure deflection response of a convoluted stainless steel bellows is calculated,
and is seen to compare favorably with experimental results.
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Nomenclature
shell thickness
bending moment resultants in the meridional and

circumferential directions
N<t>,Ne = membrane resultant forces in the meridional and

circumferential directions
pressure or body force loading in meridional and

normal directions
shear resultant
radial distance from axis of revolution
meridional radius of curvature
distance measured along meridian of shell
displacement in meridional direction
displacement normal to shell
rotation of normal to shell
midsurface membrane strains in meridional and cir-

cumferential directions
angle measured in circumferential direction
change in curvature in meridional and circumferential

directions
<j> = angle between normal to shell and axis of revolution

Introduction

THIS paper is concerned with the accurate numerical
analysis of elastic-plastic shells of revolution by use of the

multisegment method of numerical integration.1 Marcal
and Pilgrim2 have presented a numerical integration method
of elastic-plastic analysis, but it was limited to small deflec-
tions. In more recent work, the finite element method has
been applied to large deflection analysis of elastic-plastic
shells by Marcal3"5 and Popov and Yaghmai.6'7 Both Marcal
and Yaghmai used the curved shell element of Khojasteh-
Bakht.8 In Ref. 5, Marcal also uses a triangular plate ele-
ment known as the DeVeubeke element. Both Marcal and
Yaghmai linearized the problem over small load increments.
The geometry was then updated after each load increment.
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This approximate method seems to converge if the increments
are sufficiently small.

Numerical integration solutions to large .deflection elastic-
plastic shell problems have not appeared in the literature to
the authors' knowledge. Numerical integration enables a
direct solution to the nonlinear differential equations, and
accuracy can be automatically controlled during the in-
tegration by predictor-corrector methods of adjusting the
step size. Also, the multisegment method1 provides a
means of accurate solution over long integration paths, with
an iteration procedure being employed to satisfy the bound-
ary conditions. A fundamental difference between geo-
metrically linear and geometrically nonlinear elastic plastic
problems should be noted. For the former, the equilibrium
equations can be formulated in terms of the increments in
stress resultants, but for the latter this is not possible. Geom-
etry changes influence the equilibrium equations, and both
the deformed geometry and the total stress resultants must
be considered.

Large deflections of shells are accompanied by plastic
strains. Therefore, an accurate analysis requires that partial
yielding through the shell thickness be accounted for. This
is done in the present work by deriving closed-form expressions
for the elastic-plastic shell stiffnesses for incremental loading-
according to the Tresca yield criterion.9 For the von Mises
criterion, however, closed-form expressions cannot be found
and the stiffnesses have to be found by integration over the
shell thickness as in Ref. 2. The latter require storage of
stresses at a large number of points through the thickness of
the shell at each station along the shell meridian. When
applicable, the Tresca stiffness derivations presented in
this paper require data at four points at most through the
thickness, and thereby reduce the computer storage require-
ments.

Governing Shell Equations

The governing shell equations include six differential equa-
tions for the fundamental variables: WjQ^u^N^/3^ and
Mj. These result from the three equilibrium equations and
three of the strain displacement relations for a shell of revolu-
tion (neglecting shear deformation). These equations ap-
propriate to Sander's Theory for small strains but moderately
large rotations10-11 are as follows:
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(1 + /V)/#*] ~ P (2)
- /V/2 (3)

cos0/r + (/VV0 - Q^/R* - p* (4)

+ Q0 (6)

The fundamental variables are ordered as in Eqs. (1-6).
These quantities appear in the natural boundary conditions
and only one or the other of w and Q& or u^ and N^ or $$
and M0 can be specified at a boundary. Both w and Q0, for
example, cannot be specified. However, linear combinations
of w and Q0 can be specified (e.g., at an elastically restrained
edge). Sander's Theory is used here, but any nonlinear
theory could be used. Reissner's nonlinear shell theory12 is
equally applicable. Equations (1-6) apply for large deflec-
tions of any shell with arbitrary material constitutive laws.
A constitutive law relates the auxiliary variables A^Tlf^e^,
and K0 appearing in Eqs. (1-6) to the fundamental variables.
An incremental form of the stress-strain relations is assumed
here and will be shown to have the following form:

C12Aee

ANe = Cu

AMe =

(7)

(8)

(9)

(10)

where AN^ = N^ — N^r, N<j>r = the residual N& from the
previous loading step, etc. This form of the constitutive
relations for an elastic-plastic shell of isotropic material re-
sembles that for a layered orthotropic elastic shell.13

The auxiliary variables needed in Eqs. (1-6) can be calcu-
lated in the following order:

ee = (u<t> cos<£ + w sin$)/r, Kg =

AN* = N* -
Al =

(AM* -

(AN* - C12Ae, -

= Eq. (8), AMe = Eq. (10)

7V0r + A^, Me = Mer

cos$/r (lla)

6r (lib)

M& (He)
(Hd)

}Kll}/Al (lie)

(llf)
(llg)

(llh)
(Hi)

Elastic-Plastic Shell Stiffnesses

The stiffnesses (?#,.£#, and Di3 are defined as follows:
fh/2

C- = J-h/2Ei>dZ>K" =

"Endor i

da 2 (13)

The j^iy are the elastic-plastic moduli for a plane stress state.
They differ depending upon the yield criterion used. The
stresses ai and cr2 and the strains t\ and e2 correspond to the
directions of 0 and 8, respectively, for a shell of revolution.

The shell stiffnesses defined in Eq. (12) result from the
definitions of the stress resultants (in incremental form):

^ = I dvidz, dNe = I
J — h/2 J —

— I zdaidz, dMe = I

h/2
(14)

zda^dz

The Kirchhoff hypothesis of a linear strain distribution
through the thickness is assumed, i.e.,

e^ = dee (15)

Substitution of Eq. (15) into Eq. (13) and Eq. (13) into
Eq. (14) gives the results in Eq. (12) to be used in Eqs.
(7-10). Equations (7-10) have been written in terms of
finite (A) increments, whereas Eq. (13) is strictly a differ-
ential law. This is only exact when the EH are constant,
otherwise it is an approximation depending upon the size of
the increments taken. It happens to be exact for the Tresca
criterion with linear strain hardening.

The EH are determined using the potential flow law for the
plastic strain increments. The total strain increment dei is
separated into elastic and plastic parts:

dei = deie + dtp (16)

€i can be related to d&i and dep asAs shown by Marcal,2

follows:

(17)

and {K} is a 3 X 3 stiffness matrix.

von Mises Yield Criterion

For the von Mises yield criterion,

{K} =
l/E -v/E
-v/E l/E S2/a
S^a S2/a -H'

(18)

where $ 1 = 0 - 1 — 02/2 and $2 = o-2 — 0-1/2. The quantity
H' is the slope of the equivalent stress-equivalent plastic
strain curve,

H' == da/dep (19)

where
3- =

ESfl/D

The elastic-plastic moduli E^ found by taking the inverse
of {K} become

(20a)
(20b)

(20c)

(20d)

(20e)

(20f)

(20g)

(20h)

(20i)
where

D = (1 - v^E'^/E + Si2 + 2vSiSz + $2
2

E ~ Young's modulus, v = Poisson's ratio
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Fig. 1 Effective shear
modulus for a transi-

tion region.

These values of EH agree with those found independently by
Popov, Khojasteh-Bakht and Yaghmai.14

For the von Mises yield criteria the stiffnesses of Eq. (12)
are evaluated by numerical integration using the above ex-
pressions for the elastic-plastic moduli EH- Following
Marcal and Pilgrim,2 stresses are stored at 11 points through
the shell thickness and integration is performed with the
trapezoidal rule.

Tresca Yield Criterion

For the Tresca yield criterion, the maximum shear stress
TO is used in place of a and an associated plastic shear strain
dyp is used in place of dep. The maximum shear stress can
be either one of six quantities, depending upon which side of
the Tresca yield surface governs yielding, i.e.,

/* = 2ro for/, > /,-, i ^ k; i,k = 1,2, . . . , 6 (21)

where

/I = (J\ — 0-3, /2 = — 01 + 0"3, /j = (72 — 0"3

/4 = — (72 + (73, /5 = (7i — (72, /8 = 02 ~ 0"l
(22)

and where 0-3 = 0 for a plane stress state. The plastic strains
are given by potential flow law

de? = Xd/*/deri (23)

The associated plastic shear strain dyp depends on fk
m, for k

equals 1-6, dyp is, respectively, deip — desp; — deip + de3
p;

de<2p — des?; — d€2p + detf>\ deip — cfep; — deip + dttf. It
should be noted that de^ ^ 0, even though 03 = 0 for a plane
stress state.

For the Tresca criterion, Hr is given by the slope of a shear
stress vs plastic shear strain curve, i.e.,

(24)

(25a)
(25b)

(25c)

(25d)

(25e)

The stiffness matrix {K} differs for the various /&:

Kn = Kv = l/E for all/,

Kw = Kzi = -v/E for all/,

Z£33 = -ff' for all A
Ku = Kzl = ±J and K23 = K& = 0 for/i,2

#13 = Kn = 0 and #23 = #32 = ±i for/3,4

Ku = Kn = ±J and #23 = #32 = T£ for/5 l f l (25f)

By inversion of {#}, the EH are found. These again vary

1 h — Plastic stress
f / distribution

j / ' Fig. 2 Transi-
l/ fzn

 n * ' tion region with
^ /\ in shell thick
^ ^East ic stress ness'

distribution

Fig. 3 Types of elastic-
plastic zones for loading.

Co sen

for the fk

k = 1,2 En = H'/D, E12 = ^VZ), #13 = ±1/2D (26a)
#22 = (Hf + #/4)/D, ̂  = ±v/W (26b)

#33 = -(!'- P2)/ED (26c)
Z) - jy'(l - v*)/E + i (26d)

k = 3,4 #n - (#' + #/4)/Z), #12 - vH'/D (27a)

^13 = ±^/2D, #22 = //'/Z) (27b)

#23 = ±1/2D, #33 = -(1 - z^2)/#Z) (27c)
D = H'(l - v*)/E '+ | (27d)

A; = 5,6 #n = (2H' + #/2)/D (28a)

#12 = (2vHf + E/2)/D, Eu = ±(1 - v)/D (28b)

^22 = (2Hr + E/2)/D (28c)
^23 = T(i __ ^/Z)^ ^33 = -2(1 - v*)/ED (28d)

Z) = 2#'(1 - z^2)/^ + (1 - ^) (28e)

It is noted that if H' is constant then the EH are constant.
If H' — H'n is constant for a purely plastic zone between zn
and zn+i in a shell, then EH™ = constant, and if yielding is
governed by only one fk in this zone, then the contribution
of the integrals in Eq. (12) between zn and zn+i are simply:

- Zn) (29a)

(29b)

(29c)

where

= |
J Zn

etc.

However, for a transition from an elastic zone to a plastic
zone during a load increment, the stiffnesses become more
difficult to evaluate.

The procedure used here is similar to that used by Marcal,2

who introduced a mean stiffness as follows:

+ (1 ~ (30)

where (doVdey) = EH. The mean stiffness is a weighted
average of the elastic stiffness and the elastic-plastic stiffness
at the strain reached after the increment in load. Here m is
a weighting factor, 0 < m < 1.

A value for m is found here from consideration of the
maximum shear stress-shear strain curve. With reference
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Fig. 4 Type of elastic-
plastic zone when local
unloading occurs with

loading.

Stiffness
Coordinates

CaseEE

to Fig. 1, an effective shear modulus Ge is defined as follows:

dy = dyi + dy% (31a)

dr = Gdyi + G^dy* ES Gedy (31b)

Ge = m(0 - G2) + ft (31c)

m = d7!/d7 (31d)

dyi = 71 — 7 (31e)

where 71 is the yield value of the shear strain. It can be
shown that ft = H'/(l + H'/G) -dy is the predicted shear
strain increment for a load increment or it is the calculated
shear strain increment after each iteration of the solution.

In a Kirchhoff shell, de\ and de2, and hence de$ and dy are
linear functions of z. Therefore, the weighting factor m is a
function of z as follows:

m = (az + b)/(cz + d) (32)

where the coefficients a,6,c, and d are functions of 7i,e0,e<£,/c0,
K0, ded,de<j,,dK0, and dit^.

A transition region through the shell thickness is described
in reference to Fig. 2. The elastic-plastic interface is assumed
to be at zn+i before the increment in load and is assumed to
be at zn after the load increment. Referring to Eq. (12),
with the modified form of the stiffnesses Eq. (30), it is noted
that the following integrals need to be evaluated:

fmdz, fmzdz, fmz2dz (33)

These integrals are easily evaluated. The resulting stiff-
nesses for the transition region are expressed as

AnCtf = (Eti» - Ey»+1)Il» 4- Ey»+l(zn+l - zn) (34a)

AJTtf = (By* - JV+W + #</w+1(*n+i2 - Zn2)/2 (34b)

An/)* = (Etf - JV+1)J»n + ^»+1(2n+i8 - ^3)/3 (34c)

where Iin are functions of z given in Appendix A.
The total shell stiffnesses can be found by adding the con-

tributions from Eqs. (29) and (34) for elastic, transition, and
plastic regions, n = 1,2, . . . , N, i.e.,

N
etc. (35)

Types of Elastic-Plastic Zones

It is advantageous for computer storage requirements to
minimize the number of regions A^ that need to be considered.
This can be done by assuming a bilinear approximation to the
stress strain curve (r — y curve). In this case, only four
storage points (at most) are needed through the thickness
and only six z coordinates are needed in the calculation of
stiffnesses.

Three types of elastic-plastic zones are shown in Fig. 3.
There is also the initial all-elastic zone which is not shown in
the figure. Start of a plastic zone can be detected by check-
ing the surface stresses and comparing with the yield limit.

Figure 4 shows the type of elastic-plastic zone that can
occur when certain local unloading occurs during loading.
Unloading occurs if the stresses become less than the yield

—-—-—— Z SI ' Z S2' Z S3 "~"Z | 'Z2

cOCasel

©
——z

b)CaseU

Fig. 5 Stress distributions and coordinates of elastic-
plastic zone for loading.

values in an originally plastic region and can be checked by

ydyp > 0 for loading (36)

If dyp becomes equal to zero, unloading can occur.
For the assumed bilinear approximation, the coordinates

and the stress distributions for the three loading zones and
the unloading zone are shown in Figs. 5 and 6. The Case
IV type zone from local unloading shown in Figs. 4 and 6 is
not the only one. Different cases can also occur during
unloading.

For a Case I type, the stiffnesses are particularly simple.
For example,

EV\ZSS - zsi) + Ei*(zs* - zS5) (37)
In this case as in others, it is assumed that, for example, E^
is constant between zs± and zs& (Fig. 5). This is true for
linear strain hardening (Hf = constant) and if the same
Tresca yield function fk governs at both zs± and zs&. If the
same fk does not govern at both of these points, another
coordinate needs to be located intermediate in the plastic
zone.

Fig. 6 Stress distributions and coordinates of elastic-
plastic zones for local unloading with loading.
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Spherical crown

Fig. 7 Geometry of
a torisplierical-liead

pressure vessel.

Multisegment Numerical Integration Method

Numerical integration routines are available for most
digital computers. The routines contain various methods of
integrating S3^stems of first order ordinary differential equa-
tions. These methods include Runge-Kutta, Runge-Kutta-
Gill, Adams, Adams-Moulton, etc. All are based upon a
Taylor's series expansion of the fundamental variables.
Modifications are made to control accuracy.

The authors' computer program NONLEP (Nonlinear
elastic-plastic analysis of shells) is an extension of an earlier
program NONLIN for elastic analysis.11 The numerical
integration routine used in the program employs an Adams-
Moulton scheme with Runge-Kutta-Gill as a starter. Errors
are locally controlled at each integration step with automatic
variation in step size as needed. The main advantage of
numerical integration over the finite difference approach is
that the iteration of mesh size required for the latter is
eliminated.

In shell analysis another problem arises. Edge zones exist
in the solutions near boundaries. The solutions are of ex-
ponential type and accuracy is lost in integrating over long-
path lengths. To overcome this problem the multisegment
method of Kalnins and Lestingi1-11 is used. This method
provides uniform accuracy everywhere along the integration
path (meridian of a shell).

The integration path length S is divided into a number of
segments A$. AS should be chosen to be less than or equal
to the "decay length" for an elastic shell, i.e.

. AS < 3(rh)^'
The nonlinear elastic-plastic boundary value problem is then
solved by a double iteration procedure as follows:

1) A trial solution of Eqs. (1-6) is integrated from Si to Si
+ ASi in every segment, and both the fundamental vari-
ables and the auxiliary variables appearing on the right side
of Eqs. (1-6) are stored at the end of each segment. The
trial solution may be a linear elastic solution at a first load
step or an extrapolated nonlinear elastic-plastic solution from
a prior load step.

In the elastic plastic range the load is incremented. Total
strain increments Ae are assumed for the next increment in
load for the first trial solution at the new load. (Resulting
Ae's are used for further iterations of the solution.) Pre-
dicted values for Ae0,Ae0,AK0,A/c0, and the elastic-plastic
interface coordinates Ze are calculated. By using these, new
stiffnesses C^Kij and Z)# are calculated. The latter are used
in the differential equations for each iteration of numerical
integration. Each segment is divided into a number of stor-
age points. Residual stress and strain values are stored from
the previous load level, and current values are stored from
each integration at the new load level.

2) Resulting strain increments Ae0,Ae0,AK0 and A/C0 are
determined arid compared with predicted values. Step 1 is
repeated until the resulting and predicted values agree.
Usually two or three iterations on the strain increments (and
the stiffnesses) are sufficient.

;, 3) Using the method of Fox,15 the changes in the funda-
mental variables due to changes in the initial conditions at

the beginning of segments can also be expressed (from a first
order Taylor series) in differential equation form. These
equations are also integrated over each segment and the ma-
trix of derivatives relating the changes are stored at the end
of the segments. This integration is done simultaneously
with step 1.

4) Newton's rule15 is used to predict new initial values of
the fundamental variables, and the integrations are repeated.
Continuity of the fundamental variables between adjacent
segments and the boundary conditions at the end of the path
are checked. If continuity and the boundary conditions are
satisfied within the desired accuracy then convergence has
been obtained, otherwise the iteration procedure of steps
1-4 is repeated.

Numerical Results

The torispherical-head pressure vessel shown in Fig. 7 was
analyzed for the parameters </>0 =• 30°, D/B =16 and D/t =
200. Young's modulus was taken as 30 X 106 psi, the ma-
terial yield strength as 30,000 psi and the diameter as 200 in.

Figure 8 shows the inward deflection in the knuckle area
at the coordinate </> = 50 as a function of internal pressure.
The separate curves indicate the effects of large deformation
and strain hardening. A bilinear stress-strain curve was
assumed with 10% strain hardening (slope in the plastic
range of T^ the elastic slope). The dashed curves were
located on the basis of the two limiting materials, and indicate
the effects of smaller amounts of strain hardening. Signifi-
cant strengthening effects are evident due both to the favor-
able shape changes and strain hardening. All of the curves
of Fig. 8 are for the von Mises yield criterion.

The pressures PI and P2 indicated in Fig. 8 are limit pres-
sures reported in the literature. Both are based on small de-
flection analysis. The pressure PI is the collapse pressure
predicted by the limit analysis of Drucker and Shield16 using
the Tresca yield criterion. Crisp17'18 using the method of
Marcal and Pilgrim2 reports the results of a parametric
study of torispherical heads, and defines an excessive de-
formation pressure as that to produce a plastic strain of 1%.
The pressure P2 was determined in this manner, and is based
on a small deflection analysis and the von Mises yield cri-
terion. It is of interest to note that applying a factor of 1.15
brings PI into near agreement with P2. The factor 1.15 is a
scale factor between the von Mises and Tresca criteria.

200

180

160

140

120

100

80

60

40

20

Nonlinear,10% strain-
hardening

Linear, perfectly
plastic

Nonlinear, perfectly
plastic

Normal Deflection, w( 10 inches) 0^=50°

NOTE:
Cylinder collapse pressure, p = 347 psi.
P= Limit analysis collapse pressure of Drucker8Shield.

P = Excessive deformation pressure of CEGB analysis.

Fig. 8 Pressure vs deflection at location of initial yield,
elastic-plastic analysis of torispherical-head pressure

vessel, D/t = 200, D/B = 16, <f>0 = 30°.
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In pressure vessel design the allowable stress is often given
in terms of a stress intensity index. The index ISI is defined

300

as
ISI = max p\,

p\,
and corresponds to an effective stress defined as twice the
maximum shear stress. Using this index the stress distribu-
tion in the • torispherical head is shown in Fig. 9. Results
for both the von Mises and Tresca criteria are shown for a
pressure beyond the initial yield pressure. The two criteria
give results in virtual agreement, except for the plastic zone
within the knuckle. Here ISI is limited for the Tresca cri-
terion by the yield stress of 30,000 psi. The stress for the
von Mises criterion exceeds this value, but by 15% or less
in accord with the difference between the yield criteria.

Pressurized Expansion Bellows

The deflections in metallic bellows and diaphragms can
become very large. Figure 10 shows a calculated pressure
deflection curve for a 347 stainless steel formed bellows.
Measured deflections as reported in Ref. 11 are also shown.
For this bellows, the diameter and wall thickness were
nominally 5 in. and 0.01 in., respectively. The bellows
length was 4.14 in. and it had 12 convolutions. However, the
analysis was based on actual cross section and variable
thickness data as measured on a typical convolution of a
similar bellows of the same manufactured lot. A bilinear
approximation was used for the stress strain curve of the 347
annealed stainless steel sheet material. The yield strength
was taken as 35,000 psi and the slope of the stress strain curve
in the plastic range as 1.2 X 106 psi.

In the analysis, only one half a convolution was considered
and symmetry boundary conditions were assumed. The
loading was one of internal pressure. In addition, the ends
of the bellows were assumed fixed so that no net axial deflec-
tion could occur.

Calculations were carried out up to pressures of 300 psi,
whereas the initial yield pressure was found to be 68.8 psi.
Deflections of several times the thickness are noted. The
calculated curve is seen in Fig. 10 to lie somewhat above the
experimental points, but provides a good envelope to the
data points. The yield strength and strain hardening char-
acteristics of the actual bellows material were not exactly
known. It is believed that suitable adjustments in these
parameters could bring the theory and experiment into much
closer agreement. The geometry of the bellows could have
had some circumferential variation which would affect the
deflection behavior. In fact, the differences in deflection as
measured on the right and left show this effect quite well.
Also the experimental measurements made with a micrometer
are sensitive to the exact point where they are measured,
noted as approximately 0.18 in. in from the crown in Fig. 10.
An asymmetrical mode of deformation became evident in the
tests at pressures in the 250 psi range. This may explain

'̂  35

^ 30
X

1 25

.•= 20

| 10

^ 5

0.

~

-

J
_ _J
*• — Sphere -•--••

i i

\

—— Tresca \

--- Von Mises \

« ————— Torus _______ ••
i I I i i i

Position Coordinate^, degress

Fig. 9 Stress intensity index for torispherical-head with
D/t = 200, D/B = 16, <f>0 = 30°, and pressure = 75.2 psi.

- 200 -

0)
CL

Q)
"c

o Experimental on left

• Experimental on right

— Calculated

Left

0.18

Right

W 0 .025 .050 .075 .100 .125

Increase In Convolution With Aw,inches
Fig. 10 Pressure deflection curve for expansion bellows.

the apparent asymptotic trend of the experimental points
while the predicted curve continues to rise.

Appendix A

The integrals ljn in the stiffness equation (34) are evaluated
here. The Ijn are given in the following form

Iin = a/2 + 6/1, hn = 6/2, Isn = a/4 + 6/3
where

/2

dz
/ i= f2"1

J Zn CZ + d

/
2n+l zdZ

Jn cz + d

—ir
] Zn +

zn

T rzn+i z2dz fd2 z2 zd~]Zn+/3 = J2n ^rd = blog(c" + d) + 2 c ~ ^ J%/ *n o/i ^^ tt, L.^ ^^ ^ Izn

X zn+i 23dz F — d 3 . .
———— = log(

'n cz + d L c d)

3c
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